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5 Measures and integrals on product spaces

5.1 The Product of measures

Definition 5.1. Let S, T be sets and M C B(S), N’ C P(T') be algebras
of subsets. For (4, B) € M x N we view A x B as a subset of S x T', called
a rectangle. We denote the set of rectangles by M x N C P(S x T). Then,
MUON CB(S x T) denotes the algebra generated by the set of rectangles.
We also call this the product algebra. Similarly, MXN denotes the o-algebra
generated by MUON which we call the product o-algebra.

Proposition 5.2. MON consists of the finite disjoint union of elements of
M x N.

Proof. Exercise. O

Proposition 5.3. Let M', N’ be the o-algebras generated by M and N
respectively. Then,

NEM=NKM.
Proof. Exercise. O

Lemma 5.4. Let (S, M), (T,N) be measurable spaces. Let U € M XN
andpe S. SetU, :={qeT:(p,q) €U}y CT. Then, U, € N.

Proof. Let A denote the set of subsets V' C S x T such that V€ MXN
and V, € N. Let (A, B) € M x N. Then the rectangle A x B is in A since
(AxB), = Bifp € Aand (AxB), = () otherwise. Thus, all rectangles are in
A. Moreover, A is an algebra: Clearly ) € A. Also, if V € A, then -V € A
since (=V), = —(V}). Similarly, for A, B € A we have (AN B), = Ay, N B,.
So, MON C A. But A is even a o-algebra: Let (A,)nen be a sequence of
elements of A. Then, (U,en 4n)p = Unen(4n)p. Thus, MRXIN C A. But
A C MXN by construction. O

Lemma 5.5. Let (S,M), (T,N), (U, A) be measurable spaces and f : S x
T — U a measurable map, where S x T is equipped with the product o-algebra
MRN. Forpe S denote by f, : T — U the map fp(q) := f(p,q). Then,
fp is measurable for allp € S.

Proof. Let V € A. Then, f,'(V) = (f~'(V))p, using the notation of
Lemma 5.4. But by that same Lemma, (f~1(V)), € N. O

Theorem 5.6. Let (S, M, pn) and (T,N,v) be measure spaces with o-finite
measures. Then, there exists a unique measure uXv on the measurable space
(S x T, MK N) such that for sets of finite measure A € M and B € N we
have

(B v)(A x B) = p(A)w(B).
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Proof. At first we assume the measures to be finite. It is clear from Proposi-
tion 5.2 that uXuv, if it exists, is uniquely determined on MUOAN by additivity.
A priori it is not clear, however, if X v can be well defined even merely on
MUON, since a given element of MON can be presented as a disjoint union
of rectangles in different ways. For U € MUON define ay : S — Rar by
ay(p) == v(Up). If U = A x B is a rectangle, we have ay(p) = xa(p)v(B)
for p € S. In particular, ay is integrable on S and we have

p(A(B) = [ avd
S
For U a finite disjoint union of rectangles the function oy is simply the
sum of the corresponding functions for the individual rectangles and is thus
integrable on S. In particular, we must have

(WRv)(U) = /S av di,

incidentally showing that u X v is well defined on MON.

We proceed to show that u X v is countably additive on MUON. Let
{Un}nen be an increasing sequence of subsets of MON such that U :=
Unen Un € MON. Then, {ay, }nen is an increasing sequence of integrable
functions on S such that

/aUnd,ug/aUd,u:(uﬁl/)(U) Vn € N.
S S

Hence we can apply the Monotone Convergence Theorem 3.29. Since ay,
converges pointwise to ay we must have

lim oy, du = / ay du.
That is, limy, 0o (L X v)(U,) = (X v)(U), implying countable additivity. It
is now guaranteed by Hahn’s Theorem 2.35 and Proposition 2.36 that uX v
extends to a measure on M X N, and uniquely so.

It remains to consider the case of o-finite measures. Exercise. O

Exercise 31. Show whether the operation of taking the product measure is
associative.

Exercise 32. Show that the Lebesgue measure on R"™ is the product
measure of the Lesbegue measures on R and R™.

In the following we denote the completion of a o-algebra A with respect
to a given measure by A*.

Lemma 5.7. Let (S, M, u) and (T,N,v) be measure spaces with o-finite
complete measures. Let Z € (M X N)* of measure 0. Then, for almost all
p € S we have v(Z,) = 0.
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Proof. We consider first the case that the measures are finite. For all n € N
define Y, := {p € S : v(Z,) > 1/n}. Now fix n € N and j € N. Since
the algebra NN generates the o-algebra N/ X M, Theorem 2.35, implies
that there is a sequence of disjoint rectangles {A; x Bj}ren such that
Z C Rj and (n®v)(Rj) < 1/(nj), where Rj := (Jp—1(Ajk % Bj). Define
now X; :={p € §:v((Rj)p) > 1/n}. Obviously, ¥,, C X;. Moreover, X is
measurable since p — v((R;)p) = Y521 X4, (P)v(Bjx) is measurable, being
a pointwise limit of measurable functions (Theorem 2.19). We have then,

BV (Ra) =3 (A w(Bi) = Y /S X (D) (B; 2) du(p)
k=1

k=

).

—_

Nk

XA, (P)V(Bjk) du(p) = /S v((R))p) du(p)

Ed

=1
> [ @) dutr) = [ dn= ()

n X n n
(Exercise.Justify the interchange of sum and integral!) Thus we get the
estimate p(X;) < 1/j. Repeating the construction for all j € N set X :=
ﬂ‘;‘;l X;. We then have Y,, C X, but p(X) = 0. Thus, since p is complete,
Y, is measurable and has measure 0. This in turn implies that Y := {p €
S :v(Zy) > 0} = Jo2, Y, has measure 0 as required. Exercise.Complete
the proof for the o-finite case! O

5.2 Fubini’s Theorem

Lemma 5.8. Let (S, M, pn) and (T,N,v) be measure spaces with o-finite
measures. Let AxB C SxT be a rectangle such that 0 < (uXv)(AxB) < 0.
Then, 0 < u(A) < 0o and 0 < v(B) < oo.

Proof. Exercise. O

Lemma 5.9. Let (S, M,pu) and (T,N,v) be measure spaces with o-finite
complete measures. Let {(\1,A1,B1),...,(An, An, Bp)} be triples of ele-
ments of K, N, M respectively and such that 0 < u(A;) < oo and 0 <
v(B;) < 00. Define g: S xT — K by

9(pq) =Y _ Mexa, (p)x5.(0)-
k=1

Then, g, € S(T,v) for allp € S and

p>—>/gpdy
T
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defines a function in S(S, ) satisfying

/S (/Tgpd’/> du(p) = /SXng(uﬁu).

Proof. Exercise. O

Theorem 5.10 (Fubini’s Theorem, Part 1). Let (S, M, u) and (T, N,v) be
measure spaces with o-finite complete measures and f € LY(S x T, (MK
N, u®v). Then, f, € LYT,N,v) for almost all p € S and

p»—>/fpdu
T

defines almost everywhere a function in L1(S, M, 1) satisfying

/S(/Tfpdu> dp(p) = sfod(MgV)‘

Proof. By Proposition 3.23 there is a sequence { f, }nen of integrable simple
functions, measurable with respect to MUON, that converges to f in the
| - |li-seminorm. Each function f,, can be written as a linear combination
of characteristic functions on elements of MUON with finite measure. By
modifying f, if necessary, but without affecting convergence of the sequence
we can also arrange that the supports of the characteristic functions all have
non-negative measure. Due to Theorem 3.24, by replacing { f, }nen with a
subsequence if necessary, we can ensure moreover pointwise convergence to
f, except on a set N of measure zero. Taking into account Lemma 5.8 we
notice that the functions f,, satisfy the conditions of Lemma 5.9.

By Lemma 5.7, there exists a subset X C S with measure 0 such that
v(N,) = 01if p ¢ X. Fix for the moment p € S\ X. Then, {(fn)p}nen
converges to f, pointwise outside N,. Moreover, since the (fy), are mea-
surable with respect to (7,N) by construction, so is f, outside of N, due
to Theorem 2.19. But, Z, has measure zero and (T,N,v) is complete by
assumption, so f, is measurable everywhere.

Since {fn}nen is Cauchy, we can restrict to a subsequence such that

Ifi — fulli <272 VE €N,V > k.

By applying Lemma 5.9 to |f; — fp|, we have for all k € N and | > k,

1y = Gl auto) = [ ([ 1), = (ol av) auto)

— /S </T |fi — fk’pdu) du(p) = /SXT |fi — fel d(uRv) = || fi—fell1 < 9—2k



Robert Oeckl - RA NOTES - 08/11,/2010 51

Now for kK € Nset Y, C S to

Vii={pe S 10y — (fplhy = 274}

Then, for all kK € N,

2R (V) < / 1Gest)y — (Fpllwdi(p)
Yy
< / 1Fret)y — (Fdpllodi(p) < 22
S

This implies, (%) < 27% for all k € N. Define now Z; := UEO:] Y} for all
j € N. Then, u(Z;) <277 for all j € N.
Fix j € Nand let p € S\ Z;. Then, for k > j we have

1(fr1)p = (Fdplle <275,

This implies for £ > j and [ > k,

1) — (fr)pllne <275

In particular, {(fn)p}nen is a Cauchy sequence with respect to the || - ||~
seminorm. Since j was arbitrary, this remains true for p € S\ Z, where
Z = (;2, Zj. Note that u(Z) = 0. Now let p € S\ (X U Z). Since
{(fn)p}nen converges to f, pointwise almost everywhere, and f, is measur-
able, Proposition 3.25 then implies that f, is integrable and that {(fy)p}nen
converges to fp in the || - ||1,,-seminorm.

Now define

hn pr /T(fn)pdy

By Lemma 5.9 this is an integrable simple map and by the previous argu-
ments it converges pointwise outside of X U Z to

hip'_>/T(f)pdV‘

Thus, h is measurable in S\ (X U Z) by Theorem 2.19 and can be extended
to a measurable function on all of S, for example by setting h(p) = 0 if
p € X UZ. On the other hand, {hy, }nen is a Cauchy sequence with respect
to the || - [|1,,-seminorm since, for all I,k € N,

du(p)

It =l = [ 1= mula = [ ] [ W= (5 av

<[(/ \(fz)p—(fk)p!dl/) au(p) = i — fills
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and {fn}nen is Cauchy. Thus, by Proposition 3.25, h is integrable and
{hn }nen converges to h in the || - ||1 4,-seminorm. Then,

fd(pRy) = tim [ fud(p®v) = lim (/Yn) ) u(p)

SxT n—oo SxT n—oo

= lim hnd,u:/hd,u /(/ fpdl/>du

Lemma 5.11. Let (S, M, ) and (T, N,v) be measure spaces with o-finite
complete measures and f : S x T — K measurable with respect to (MXN)*.
Then, for almost all p € S, f, is measurable with respect to N.

O

Proof. By Proposition 2.30, there is a function g : § x T — K that is
measurable with respect to M XN and such that g coincides with f at least
outside a set N € M KN of measure 0. By Lemma 5.5, g, is measurable
for all p € S. By Lemma 5.7, ¥(Np,) = 0 for all p € S\'Y, where Y € NV is
of measure 0. Let p € S\'Y, then g, coincides with f,, almost everywhere
and since (T, NV, v) is complete f, must be measurable. O

Theorem 5.12 (Fubini’s Theorem, Part 2). Let (S, M,u) and (T,N,v)
be measure spaces with o-finite complete measures and f : S x T — K be
measurable with respect to (M X N)*. Suppose that f, € LY (T,N,v) for
almost all p € S. Moreover suppose that the function

pb—)/\fp|d1/
T

defined almost everywhere in this way is in L'(S, M, ). Then, f € L*(S x
T,(NRM)* nRv).

Proof. Denote by X € M a set of measure 0 such that f, € LY(T, N, v) for
p € S\ X. By Theorem 2.23 there exists a an increasing sequence { fy, }nen of
simple functions f, : S x T — RJ with respect to (M XN)* that converges
pointwise to |f|. Moreover, because of o-finiteness the f,, can be chosen to
have finite support. (Exercise.Explain!) In particular, this implies that
each f, is integrable. Applying Theorem 5.10 to f, yields a set N, € M
of measure 0 such that (f,,), € LYT,N, 1/) for all p € S\ N,,. Moreover, it
implies that hy, : S — R{ defined by hn(p) := [(fn)pdv for p € S\ N, and
hn(p) = 0 otherwise, is 1ntegrable Also 1t 1mphes

/hmmz fod(p s )
S SxT

Let N := U,en Mo This has measure 0. Note that since f, < f for all
n € N we also have h,(p) < [ |fpldv for all p € S\ {N U X}. Putting
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things together we get for all n € N

[ nagen = [mans [ [ g

Thus, by the Monotone Convergence Theorem 3.26, f,,cn converges point-
wise almost everywhere to an integrable function. But f,,cy converges
pointwise to |f|, which is measurable, so |f| must be integrable. Then,
by Proposition 3.30, f is integrable. O



